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Abstract

We propose a bidimensional algorithm for the numerical discretization of a diphasic low Mach number (DLMN) sys-
tem in the case of a potential approximation, the extension to the tridimensional geometry being natural. In this algorithm,
we capture the interface separating two immiscible fluids on a fixed cartesian mesh with an interface capturing algorithm.
This algorithm solves a transport equation applied to an Heaviside function with a non-diffusive scheme i.e. with a scheme
diffusing on a number of cells which is independent of the time integration. To take into account the artificial mixture area
produced by this numerical diffusion, we have previously extended the DLMN system to the case of a mixture. Numerical
results show that the algorithm is accurate and stable since the thickness of the artificial mixture area is always bounded by
a constant which is of the order of the cell size, even in the case of important deformations of the interface, and since the
numerical solution converges toward a good thermodynamic equilibrium with a decreasing of the entropy.
© 2006 Elsevier Inc. All rights reserved.
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1. Introduction

The diphasic low Mach number (DLMN) system [14,17] models non-stationary deformations of an inter-
face separating two immiscible fluids induced by large temperature differences at low Mach number. The
domain of application of the DLMN system concerns the direct numerical simulation of the diphasic flow
in a nuclear reactor. Indeed, numerical simulations at the scale of bubbles coupled to experimental studies
[11] may be a tool to justify average models at coarse scales.

The DLMN system is derivated in [14] and is a generalization of a system proposed by Majda in [32,33,35]
which models combustion phenomena at low Mach number. In [10], it is proposed a similar model. Let us note
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that the Majda’s model is similar to the Sivashinsky’s model studied in [42] (see also [39] in the case of a mon-
ophasic flow constituted of a perfect gas). The DLMN system is obtained through an asymptotic expansion
applied to the diphasic compressible Navier—Stokes system which filters out the acoustic waves. This technique
is identical to the one which allows to formally derive the incompressible Navier-Stokes system from the com-
pressible Navier—Stokes system [34].

The DLMN system is an intermediate system between the diphasic compressible and incompressible
Navier—Stokes systems. More exactly, the DLMN system is a non-homogeneous diphasic incompressible
Navier—Stokes system since the divergence of the velocity field is not equal to zero because of the large tem-
perature differences which induce compressibility effects. The DLMN system keeps the notions of equations of
state and of entropy oppositely to the diphasic incompressible Navier—Stokes system. Nevertheless, under
appropriate modelling hypothesies in one of the two fluids, the DLMN system is equal in this fluid to the
incompressible Navier—-Stokes system coupled to a simple heat equation [14]. An important characteristic
of the DLMN system — which directly comes from the filter out of the acoustic waves — is that the thermody-
namic pressure is an average thermodynamic pressure which does not depend on the space variable. This char-
acteristic allows to recover at the continuous level some natural results concerning the dilation or the
compression of a bubble at low Mach number [14]. Moreover, the DLMN system has a simple structure in
monodimensional (1D) geometry since the velocity field solution of the 1D DLMN system is potential and,
thus, completely decoupled from the momentum equation [14]. This property is of course also valid for the
Majda’s model [32,42].

On the other hand, the filter out of the acoustic waves implies that the time scale of the DLMN system is
only based on the time scale associated to the fluid velocity and, thus, does not depend on the time scale asso-
ciated to the acoustic waves celerity. As a consequence, the time step of any numerical discretization of the
DLMN system is of the order of the time scale associated to the fluid velocity, as it is the case for the incom-
pressible Navier—Stokes system. Oppositely, the time scale of the compressible Navier—Stokes system is based
on the acoustic waves celerity at low Mach number. As a consequence, we need to solve implicitly the com-
pressible Navier—Stokes system to have a time step based on the fluid velocity. Nevertheless, implicit com-
pressible Navier—Stokes solvers still can be inefficient at low Mach number since the more the Mach
number is low, the more the resulting linear system is ill-conditioned [37]. As a consequence, we need to
use preconditioning techniques and very efficient iterative algorithms to solve such linear systems [30]. Of
course, due to the elliptic part of the DLMN system, any discretization of the DLMN system implies also
the resolution of a linear system. Nevertheless, the conditioning of this linear system does not depend on
the Mach number.

The first theme of this paper is to study in detail numerical difficulties in a DLMN solver which may be
induced by the fact that the equations of state and the thermal conductivities are not continuous functions
and by the fact that the initial temperature differences are large. A possible way to study in detail such diffi-
culties is to focus on the diphasic thermodynamic character rather than on the diphasic thermody-
namic + dynamic character of the DLMN system by supposing that the velocity field is potential: we thus
define the potential DLMN system. This hypothesis splits the momentum equation from the DLMN system
which allows to eliminate the numerical difficulties coming from the dynamical character of the DLMN sys-
tem. This study is important. Indeed, we will show that it may appear strong numerical instabilities when the
initial temperature differences are large. For the potential DLMN system (and when the two fluids are perfect
gases), we theoretically explain the origin of these numerical instabilities and we propose a cure through the
notion of entropic correction. This correction allows to obtain an entropic property at the discrete level and is
inspired from a numerical scheme solving a kinetic equation and preserving a discrete H-theorem [6,12]. We
wish to underline that these instabilities would be also present in the no-potential DLMN system and that it
would have been more difficult to obtain similar theoretical results in the case of this system. Let us also under-
line that the potential approximation of the DLMN system keeps the elliptic character of the DLMN system
since the velocity field is deduced from a Poisson equation. Moreover, mathematical considerations show that
the potential DLMN system should be useful to obtain existence and uniqueness results before studying the
(no-potential) DLMN system [15,21,22]. Of course, we will have to couple in a future work the numerical res-
olution of the momentum equation to the algorithm proposed in this paper by using the approaches proposed,
for example, in [7,8,26].
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The second theme of that paper concerns the interface capturing algorithm. Indeed, to discretize the
DLMN system in bidimensional geometry (2D), we have to transport a surface X(¢) defining the interface
between the two immiscible fluids in a 2D bounded domain Q. This implies that we have to develop a
2D interface tracking algorithm (front tracking and VOF methods enter in this class [4,23,25,27,28,45,46])
or a 2D interface capturing algorithm (the level set method [29,36,38,41] and the algorithm proposed in this
paper enter in this class). See [45] for definitions of interface tracking and interface capturing algorithms. An
interface tracking algorithm is lagrangian in the sense that for a front tracking algorithm, the interface X(¢) is
explicitly represented by a connected set of points moving on the 2D mesh with the velocity flow, and in the
sense that for a VOF algorithm, the interface X(¢) is geometrically reconstructed at each time step and prop-
agated with a lagrangian scheme to avoid numerical smearing. At the opposite, an interface capturing algo-
rithm is eulerian in the sense that the interface X(z) is never explicitly represented or geometrically
reconstructed. The difficulty induced by this eulerian approach is that it necessarily appears an incertitude
on the position of X(¢) at each time step since we can only deduce from the eulerian algorithm that the sur-
face X(¢) is inside a discretized domain .#,(¢) included in Q (Ax defining the cell size in Q). Of course, if the
numerical scheme is convergent, the more the interface capturing algorithm is accurate, the less the volume
of M A(t) is important for a given Ax. In [45], front tracking algorithms are considered to be more accurate
than VOF and interface capturing algorithms. This idea comes from the fact that a front tracking algorithm
represents explicitly the interface (without any geometrical reconstruction). Nevertheless, as it is underlined
in [45], the major drawback of an interface tracking algorithm is its algorithmic complexity and the difficulty
to take into account important topological changes of X(¢); moreover, additional complications arise in tri-
dimensional geometry (3D) [45]. On the other hand, a VOF algorithm is designed to take into account
important topological changes of X(¢) and seems to be more simple than a front tracking algorithm from
an algorithmic point of view [25]. Nevertheless, a VOF algorithm includes a geometrical reconstruction algo-
rithm which can be computationally expensive [23] and whose algorithmic complexity is more important in
3D than in 2D. At the opposite, an interface capturing algorithm takes into account topological changes
without any special treatment of the algorithm and the 3D extension is natural. Thus, we think that when
the topological changes are important and when the geometry is 3D, the rate accuracy over complexity of the
algorithm of an interface capturing algorithm may be at least equal to the one of any interface tracking algo-
rithms. Moreover, the increasing of the power of computers allows to use for 2D or 3D problems meshes
finer than before.

Since the deformations of X(z) modeled by the (potential or no-potential) DLMN system may be important
and 3D, we choose to develop an interface capturing algorithm. To overcome the difficulty coming from the
incertitude on the position of X(¢) induced by this eulerian approach — cf. the domain .#.(¢) — and to avoid
the use of any numerical tuning to keep the stability and the accuracy of the 2D scheme, we build the algo-
rithm by following two steps. The first step concerns the stability and the consistency of the algorithm; the sec-
ond step is related to the accuracy of the algorithm. These two steps are the following:

e the aim of the first step is to replace the previous notion of incertitude by the notion of artificial mixture
area. In other words, we now consider that the domain .#,(¢) defines a discretized artificial mixture area
where the fluids 1 and 2 are mixed and, thus, where it is impossible to define any interface X(¢). This implies
that we have to introduce at the continuous level a DLMN-.# system extending the DLMN system to the
case of a .#ixture. Of course, this DLMN-.# system will have to satisfy two constraints at the continuous
level (at least formally): the first one is that the DLMN-.# system remains well-posed; the second one is that
for any mixture domain .#,(¢) included in Q — the variable ¢ > 0 defining the thickness of the mixture area
at the continuous level — any solution of the DLMN-.# system converges to the solution of the DLMN
system in  when ¢ goes to zero. These two constraints will be (formally) satisfied by introducing appro-
priate closure laws at the continuous level in the mixture area .#,(¢);

e the aim of the second step is to control during the transient regime the volume of the domain .#,.(¢) by a
constant C(Ax) of the order of Ax. This property is essential since it implies that the discretized artificial
mixture area .#.(¢) remains always tiny compared to Q and is uniformly controlled in time (that is to
say, the constant C(Ax) does not depend on the integration time). Thus, we can expect that the algorithm
gives the approximate position of X(z) with a high accuracy since the interface X(¢) is included in .#,(¢). In
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other words, we can say that we want to minimize the incertitude of the position of X(#) during the transient
regime. This second step will be achieved by transporting a Heaviside function with the non-diffusive
scheme proposed by Després and Lagoutiere in [18,19,31] and adapted to our context.

It is important to note that this two-steps approach was successfully applied by Lagoutiere in [20,31] in the
case of the diphasic compressible Euler system. Kokh used also the notion of artificial mixture area in [1,2,29]
although the interface capturing algorithm was not based on the Després—Lagoutiére’s non-diffusive scheme.
To our opinion, the major advantage of this two-steps approach is that we define a 2D algorithm in a well-
defined mathematical framework in the sense that we do not use any numerical tuning to control the stability
— cf. first step — and the accuracy — cf. second step — of the 2D algorithm. Thus, we think that we can be con-
fident on the validity of the numerical results obtained in this paper. Let us also underline that the 3D exten-
sion of this 2D algorithm is natural and that the algorithmic complexity of this interface capturing algorithm is
low.

It is useful to recall that the 2D interface capturing algorithm based on the level set approach [29,36,38,41]
allows also to take into account important topological changes, the 3D extension being also natural. The basic
idea of this approach comes from the fact that, at the continuous level, the position of the interface X(¢) can be
deduced from the zero level set of any continuous function (¢, x) advected by the velocity field. Thus, at the
discretized level, the sign of the function (¢, x) defines the two sub-domains Q;(¢) and Q,(¢) defining the two
immiscible fluids. This interface capturing is simple. Nevertheless, for stability reasons, the sign function has
to be regularized at each time step [38]. The aim of this regularization is to create at the discretized level a smooth
transition area .# ,(t) between Q,(¢) and Q,(¢) whose thickness ¢ is also uniformly controlled. In fact, ¢ is of the
order of Ax and is arbitrarily imposed at the beginning of the simulation (let us note that the interface tracking
algorithm regularizes also the interface although the position of 2(7) is explicit [45]). Thus, we can think that this
transition area ./ ,(¢) is similar to our artificial mixture area .#(¢). But, this is not at all the case since the tran-
sition area M ;(t) does not evolve through the discretization of a system of partial differential equations including the
modeling of a transition area oppositely to the mixture area M x.(t): the transition area .# ,(¢) is directly created at
each time step by a numerical tuning i.e. by the regularization procedure and the parameter ¢. Moreover, we
have to reinitialize the level set function at some regular time steps to keep a good accuracy [38] (this reinitial-
ization keeps the function (¢, x) close to the distance function to the interface X2(z)). Although this reinitializa-
tion increases the accuracy of the interface capturing algorithm, it also introduces in 2D and 3D new incertitudes
on the position of the interface X(¢), incertitudes that can be controlled with again another numerical tuning [40].
At last, although this 2D algorithm is as simple as our 2D algorithm (if we forget that it uses numerical tunings),
it seems a priori difficult to obtain an entropic property oppositely to our algorithm since the transition area
M A, (1) is treated by a mixture model included in the partial differential equations.

Nevertheless, an important property of the level set approach is that it is easy to take into account surface
tension phenomena modeled in the spirit of [5]. Indeed, the surface tension depends in that case on the normal
ny to the interface X(f) which is directly related to the level set function (#,x) through the formula
Ry = H%imhef(t)' But, in our algorithm, the interface X(¢) is described by a discretized Heaviside function
which is very sharp and not by a discretized continuous function y(z, x). Thus, it would be important to study
the possibility to obtain a good approximation of the normal n5, when the surface 2(#) is deduced from a
sharp discretized Heaviside function. This important point is not studied in that paper.

The outline of this paper is the following:

In Section 2, we recall the diphasic low Mach number (DLMN) system introduced in [14]. Then, we gen-
eralize this system when there exists a mixture area by introducing the DLMN-.# system and we introduce the
potential approximation of the DLMN-.# system.

In Section 3, we propose a numerical scheme on a 2D cartesian mesh for the resolution of the potential
DLMN-.# system. Firstly, we introduce the entropic correction and we prove in a simple case that the scheme
satisfies an entropic property when we correct the numerical thermal fluxes with this correction. Secondly, we
describe the 2D interface capturing algorithm by adapting to our context the Després—Lagoutiere’s non-dif-
fusive scheme proposed in [18,19,31]. Let us underline that this interface capturing algorithm does not depend
on the potential character of the DLMN system discretized in this paper and, thus, could be also applied for
the discretization of the (no-potential) DLMN system.
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In Section 4, we firstly show that the 2D interface capturing algorithm is accurate by solving the 2D non-
linear hyperbolic-elliptic system proposed in [15]. This system is interesting to test the accuracy of any (2D or
3D) interface tracking or interface capturing algorithm since it can model strong vibrations of any surface X(¢)
and since the volume 77(¢) bounded by X(7) is also solution of an ordinary differential equation which can be
solved explicitly. Moreover, the mathematical structure of this system is similar to the mathematical structure
of the potential DLMN-.# system. Secondly, we numerically show that the 2D algorithm solving the potential
DLMN-.# system is stable and accurate in the case of perfect gases, the thickness of the artificial mixture areca
being almost constant and lower than three cells, and the numerical solution converging toward a good ther-
modynamic equilibrium. The numerical results show also that the entropic correction is necessary at least for
the proposed test cases.

2. The DLMN system

We recall in Section 2.1 the DLMN system and two important lemmas associated to this system. The details
of the derivation of the DLMN system from the diphasic compressible Navier—Stokes system are written in
[14]. Then, we extend in Section 2.3 this DLMN system and these two lemmas to the case of a diphasic mix-
ture. This extension is important for the derivation of the 2D numerical algorithm in Section 3 even if we focus
in that paper on the case of two immiscible fluids: see the two-steps approach presented in Section 1. At last, we
introduce in Section 2.4 the potential approximation of the DLMN system. This approximation — which comes
from an operators splitting — allows to focus on the diphasic thermodynamic character rather than on the
diphasic thermodynamic + dynamic character of the DLMN system.

2.1. The DLMN system in the case of two immiscible fluids

The DLMN system is written in the case of two immiscible fluids. It is constituted with the two coupled
systems

D,Y =0, (a)
. _P(1) 1 (1)
B D,T—P(t)T—i—EV-(/IVT) (b)
and
(o= e vom o ®
pDu = +V-a—-pg. (b)

In the system (1) and (2), r = 0 is the time variable, x € Q is the space variable where Q is a bounded lipschitz-
ian open domain included in R (d = 1, 2 or 3). The operator D, := 0, + u - V is the lagrangian derivative oper-
ator. The function G(z,x) is given by

L P, B

TR +Wv - (AVT) (3)

G(t,x) =

and the thermodynamic pressure P(¢) is solution of the integro-differential equation

/ B(Y.T,P)V - (JVT) dx
P(t) =2

= . )
/g Ir(Y,7.p)
Let us remark that Eq. (4) is equivalent to the Neumann compatibility condition
/ G(t,x) dx = 0. (5)
Q

The relation (5) is important to obtain the unicity of a solution of the DLMN system.
The functions o( Y, 7, P), f(Y, T, P) and I'(Y, T, P) will be defined below in each fluid k with (12): they char-
acterize the thermodynamic properties of the diphasic flow. For example, when the fluid k is a perfect gas
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whose y-constant is equal to yy, these functions are respectively equal in the fluid k to 1/T, (yx — 1)/yx and 75
(see Section 4.2). The vector g = 9.812 m s is the gravity (Z is the unitary vector in the vertical direction) and
MY, T, P) is the thermal conductivity. The quantities p( Y, T, P), T, P, II and u are, respectively, the density, the
temperature, the thermodynamic pressure, the dynamic pressure and the fluid velocity. The viscosity tensor o is
defined with the Newton law

2
oc=pu- [Vu + (Vu)' — 3 (V- u)]} (6)
(1 is the d X d unitary matrix) where u(Y, T, P) is the fluid viscosity. The function Y{(z,x) takes its values in
{0,1} knowing that the initial condition Y(¢ = 0,x) is given by

| ifxe® (t=0) (ie fluid 1),
(r=0,) {0 ifxeQ (1=0) (e fluid 2), (7)

Qi(t = 0) # 0 defining the initial topology of the diphasic flow (k € {1,2}). Let us remark that (1)(a) and (7)
impose that for any (¢,x) € R" x Q, Y(¢,x) € {0,1}. Thus, we can define the two domains Q,(7) and Q,(¢) at
any time ¢ > 0 with Q(¢) = {x € Q such that Y(¢,x) = 1} and Q2,(¢) = {x € Q such that Y(¢,x) = 0}. The func-
tion ¥(z,x) can be seen as the color function of the fluid 1 whose discontinuity surface X(t) = 0Q;(t) N 0Q(t)
localizes at any time ¢ > 0 the interface between the fluids 1 and 2 (we have Q = Q(¢) U Q,(¢) U X(7)). The
boundary conditions are defined with

{Vx €0Q: u(t,x)=0, (a) ®)
VT(t,x) -nx)=0 (b)
and with
Vx € X(1): “|z,(z) = u|zz<,), (a)
0ly, () - M=z = 05, - M2, (b) 9)
T‘zl(;) = T|22(;)7 (c)
INT |5, M2 = AVT|g, ) -ma. (d)

The notation ¢| ) corresponds to the extension on the surface X(7) of the restriction of the function ¢(z, x) to
the open domain Q,(¢). The vector n;_,, is the unitary normal vector to the surface X(¢) exterior to ;. The
vector n is the unitary normal vector to the surface 002 exterior to Q. Let us note that under the boundary
condition (8)(b), Eq. (4) is equivalent to the equation

/ [Bls(y (T, P)AVT -y, dX %(Y, T,P)A(Y,T,P)(VT)* dx
Pl(l): (1) _Jo (10)

)

with [f]s(T, P) := (T, P)|s — PoT, P)| 5. The first term in the right-hand side of (10) is due to the disconti-
nuity of the equations of state at the interface X(7); the second term is equal to zero when the two fluids
are perfect gases (f is a constant in that case: see Section 4.2).

The system (1) is a mixed hyperbolic + “parabolic” system and the system (2) is a non-homogeneous dipha-
sic incompressible Navier-Stokes system. To close the system (1)—(9), it remains to define the functions
MY, T,P), W(Y,T,P), p(Y,T,P), (Y, T,P), p(Y,T,P), I'(Y,T,P). Because of the immiscible character of the
diphasic flow, all these functions are deduced from the simple formula

(Y, T,P)=YE&(T,P)+ (1= Y)&(T,P),

ée{lauapaaaﬁvr}’ (11)
Y € {0,1}.

The functions A; (conductivity) and gy (viscosity) characterize the transport properties of each fluid k; the
functions oy, i and I’y characterize the thermodynamic properties of each fluid k& and are defined with the
formulas
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w(.P) = = TP, (@
PTP) = TP (b) (12)
R =G

The function oy ( T, P) is the compressibility coefficient at constant pressure of the fluid k (also called thermal or
volumic expansion coefficient); the functions f5;, and I'; are dimensionless functions. The calorific capacity at
constant pressure Cp, (T, P) and the sound velocity ¢x(7, P) are given by

ohy

Cp,k(Tap):ﬁ(Tvp)v (a)

2T (13)
a(1.P) = \[dh=2 () )

where hy, := &, + P/py is the enthalpy, ¢(T, P) being the internal energy of the fluid k. The functions p(T, P)
and &7, P) are the equations of state of the fluid k. Thus, the DLMN system (1)—(13) is closed as soon as we
know analytically or experimentally the four functions A( 7T, P), (T, P), pi(T, P) and &/(T, P).

Let us underline that Y, 7, u, P and II are the five unknowns of the five Eqgs. (1)—(4). The functions
EY,T,P) where ¢ € {A,u,p,0,f,I'} can be considered as physical parameters depending on the unknown
(Y, T, P) through the formula (11), the functions &7, P), k € {1,2} being given functions characterizing the
physical properties of each fluid k.

2.2. Thermodynamic hypothesis and properties of the DLMN system

It is important to note that the system

{ﬁ‘D,T :f)(([t))T—kéV (VT), (a) "
V-u=G (b)
(cf. Egs. (1)(b) and (2)(a) of the DLMN system) and the system
{ 0:(pe) + V- (pe) = —P()V-u+ V- (AVT), (a) (15)
0,p+ V- (pu) =0, (b)

where ¢( Y, T, P) is defined with (11) are equivalent under the thermodynamic hypothesis:

Hypothesis 2.1. The equations of state t4(T, P) := 1/p(T, P) and &,(T, P) of each fluid k € {1,2} are such that
there exists a function s(ty, &) verifying

{sk(rk, &) is a strictly convex function, (a) (16)

-T dSk = d8k + P d‘L’k. (b)

The function si(74,&) 1s the classical thermodynamic entropy of the fluid £. A direct consequence of the equiv-
alence between the systems (14) and (15) is the following lemma:

Lemma 2.1. Under the thermodynamic Hypothesis 2.1, the DLMN system verifies

d
dt/g(t)pk(T,P)(t,x)de for k€ {1,2}, (a)

G [t P =0, (b)

where e(Y, T, P) is defined with (11).
Moreover, the DLMN system verifies also the entropic property:
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Lemma 2.2. Under the thermodynamic Hypothesis 2.1, the DLMN system verifies
d

where the total entropy & (Y, T,P) is defined with
SHTP0 = [ ps(V. T P)0) d (18)
Q

knowing that the entropy s(Y, T, P) is given by the formula (11). And, any equilibrium characterized by the equi-
librium interface X°° — i.e. by the equilibrium color function Y™ — is a solution of the minimization problem

S(Y*.T%,P¥) = min /(Y. T.P) (19)
under the constraints
/ (T, P)(x) dx = 4y for k€ {1,2}, (a)
Qe
[ ot 1.p)0) dx =6 (b) (20)
o
T(x)>0and P> 0, (¢)
Qy such that 0Q, N0, = X, (d)

My and & being strictly positive constants defined by the initial conditions. Moreover, the equilibrium
(T°°(x), P™) is unique and T°°(x) is a strictly positive constant T°.

These two lemmas are important since they allow to obtain (at least formally) that the DLMN system (1)—
(13) is asymptotically stable when the time ¢ goes to infinity which means that (7, P)(z,x) goes to a well defined
and stable equilibrium (7°°(x)= T>°>0,P>>0) when t— +oco. Let us note that the thermodynamic
Hypothesis 2.1 is a sufficient condition to prove that the sound velocity ci(7, P) given by (13)(b) is well defined:

Opx
oP

the Godunov-Mock theorem [24] (indeed, the compressible Euler system is hyperbolic under the Hypothesis
2.1). We wish to underline that without the thermodynamic Hypothesis 2.1, the system (15) is not a priori
equivalent to (14). But, the system (15) is always (formally) equivalent to the system

~ P(1) 1

B7'D,T = 20 T +ﬁv - (AVT), (a)

1L P(t) B ~
= V- (2VT). (b
P et YT )
In this system, o(Y, T, P), f(Y,T,P) and I'(Y, T, P) are still given by (11). But, (7, P), f+(T,P) and I',(T,P)
are now given by

P
in other words, the quantity 2 — é‘—i is strictly positive when (16) is verified. This property is a consequence of
p.

(21)
Vou=

=~ 1 —p, %ka
ak(T7P) = T (T,P), (a)
- o P
Pu(T,P)=—2—(T.P),  (b) (22)
PrCr
~)
- ¢
TW(T,P) = p’})’f (T,P) (c) 1
with the sound velocity ¢,(T,P) = 4 /aai; - ”C?ka (T, P) (the function (Y, T, P) in (21)(b) is again defined with

(11) and (12)). Thus, the system (21) allows to define a DLMN system which verifies Lemma 2.1 without the
thermodynamic Hypothesis 2.1. Nevertheless, this DLMN system does not verified a priori any lemma similar
to Lemma 2.2. We recall that Lemma 2.2 is essential to obtain a stable equilibrium when ¢t — +oo. We have
numerically shown in [14] that the DLMN system may be ill-posed when the thermodynamic Hypothesis 2.1 is
not satisfied. Thus, in that paper, we will always suppose that the thermodynamic Hypothesis 2.1 is satisfied.
Of course, under the thermodynamic Hypothesis 2.1, we can prove that formulas (12)(a) and (22)(a) are equiv-
alent which implies that the systems (14) and (21) are equivalent in that case.
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2.3. Extension in the case of a mixture: the DLMN- system

In this subsection, we extend the DLMN system defined with (1)—(13) when there exists a mixture area i.e.
when the function Y(¢, x) takes its values in [0, 1] and not only in {0, 1}. This extension is important even if the
aim of this paper is to propose a numerical scheme for the DLMN system i.e. in the case of two immiscible
fluids. Indeed, any numerical eulerian scheme used to discretize the hyperbolic equation (1)(a) implies that
when the initial condition Y(7= 0,x) takes its values in {0, 1}, after one time step, the discretized function
Y(t > 0,x) takes its values in [0, 1] because of the numerical diffusion (see also the two-steps approach detailed
in Section 1). Thus, we now define the discrete domain .# . (t) := {x € Q where Y (¢,x) €]0, 1[} where Ax char-
acterizes the cell size in Q. In our approach, the domain .#.(¢) defines a discretized artificial mixture area
where the “DLMN system” should be well-posed. The key point is to modify the formula (11) in such a
way it is possible to obtain two lemmas equivalent to Lemmas 2.1 and 2.2 when Y € [0, 1]. From now, the
function Y may not be seen as the color function of the fluid 1 but as the mass fraction of the fluid 1.

The DLMN system with a .Zixture area — the DLMN-.# system — is defined with the Egs. (1)—(8) and with
closure laws defining the functions 4, y, p, o, f and I' when Y € [0, 1]. These closure laws will be a priori dif-
ferent from the closure laws (11)—(13).

2.3.1. Closure laws for the functions (Y, T, P) and u(Y, T, P)
The physical coefficients A(Y, T, P) and u(Y, T, P) are defined with the formula

EY,T,P) € [min(& (T, P), E(T, P)),max(& (T, P), & (T, P)] if Y €]0,1[,  (b) 23)
E(Y,T,P) is a regular function with respect to ¥ € [0, 1], (c)

¢e{aut. (d)

As soon as the functions x — 7(z,x) and x — u(t, x) solution of the DLMN-.# system are C*() functions,
this formula allows to formally recover the boundary condition (9) on the interface X(¢#) when the volume
of the mixture area goes to zero. Of course, for numerical applications, we have to precise the formula
(23)(b). Let us just note that among many possibilities, the two formulas

EY,T,P)=YE(T,P)+ (1 = Y)E(T,P) forany Y €[0,1] (24)

and

1y (-
TP EaP T nae Prawreld (25)

are compatible with (23). In that paper, we do not discuss on the best formulas defining 42 and g in the dis-
cretized mixture area when ¢&; > &, for example. In Section 4, we will choose (&,&;) such that
0(&)) = 0(&,). In that case, all formulas compatible with (23) are equivalent. For sake of simplicity, we will
use the formula (24) in Section 4.

2.3.2. Closure laws for the thermodynamic functions p, o, § and I’
We replace the formulas (11)—(13) with

a(Y, T,P):—%?—?(Y, T,P), (a)
B(Y.T.P) =;‘—11<Y, T.P), (b (26)
F(Y,T,P):prZ(Y,T,P), (C)

where
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oh
Cp(YvTaP):ﬁ(Y7T7P)7 (a)

op oc2T7l 2
c(Y,T,P):,/ﬁ—C—p (Y,T,P) (b)

with i := ¢+ P/p. The functions p(Y, T, P):= 1/7(Y, T, P) and &Y, T, P) are given through the closure law
{r(Y, T,P)=Y7t(T,P)+ (1 = Y)uo(T,P), (a)
e(Y,T,P)=Ye (T,P)+ (1 = Y)e(T,P). (b)
The functions p(Y,T,P) and e&(Y,T,P) define the mixture equations of state. Let us recall that
(T, P) := 1/p(T, P) and (T, P)(T, P) are given functions.
Thus, the DLMN-.# system — which corresponds to the system (1)—(8) + (23)—(28) — is now closed. Let us
note that the Neumann compatibility condition (5) is again valid and equivalent to (4).

(28)

2.3.3. Some remarks on the closure laws (26 )—(28)

Having before defined the functions oy, f; and I'y with (12) and (13), it is natural to define o,  and I" with
the formulas (26) and (27) in the mixture area. Nevertheless, it is important to note that the formulas (26)—(28)
are only equivalent to the formulas (11)-(13) when Y € {0,1} i.e. when there is no mixture area. In other
words, the DLMN and DLMN-.# systems are equivalent when the mixture area does not exist. This property
is of course necessary to obtain the convergence of the solution of the DLMN-.# system toward the solution
of the DLMN system when the volume of the mixture area goes to zero (this corresponds to the consistency
property of the first step of the two-steps approach exposed in Section 1).

Moreover, we easily deduce from the closure law (28) that the formulas (26)(a) and (27)(a) are equivalent to
the formulas

oY, T,P) ==z(Y,T,P)ou(T,P) + [1 — z(Y, T, P)|oa(T, P), (a)
{ Co(Y,T,P) = YCp (T, P) + (1 — ¥)Cpa(T, P) (b)

when Y € [0,1], z being the volumic fraction of the fluid 1 defined with z(Y, T,P) = Y r;((;: 'If;. The equation (29)(b)
is obtained by noting that /1 := ¢+ P/p and (28) imply that 1= Yh, + (1 — )h,.

The formulas (28) are classical closure laws used to close the diphasic compressible Euler system [13,31].
The closure law (28)(a) corresponds to the hypothesis that in the mixture area, the two fluids are immiscible
although we do not have any information on the exact position of the interface X() (see the introduction in
[31]): in other words, the closure law (28)(a) is a basic homogeneization formula. The closure law (28)(b) is
linked to the extensive character of the internal energy. At last, we suppose in (28) that each fluid k has the
same thermodynamic pressure and temperature in the mixture. To summarize, the closure law (28) corre-
sponds to the isobar-isotherm closure law applied to an homogeneized mixture of two immiscible fluids.
Although we could a priori closed the DLMN-.# system with other closure laws, this isobar-isotherm
hypothesis seems to us natural since the DLMN system is such that the thermodynamic pressure P does
not depend on the space variable and such that the temperature 7 is a continuous function at the interface

2(1) (cf. (9)(c)).

(29)

2.3.4. Basic properties of the DLMN-./ system
The main advantage of the closure law (28) comes from the following lemma [31]:
Lemma 2.3. Under the thermodynamic Hypothesis 2.1 and under the closure law (28), the mixture entropy
s(Y,T,P)= Ys|(T,P) + (1 — Y)so(T, P) can also be seen as a function of (Y,t,e) verifying
{S(Y,’C, ¢) is a strictly convex function of (t,¢), (a) (30)
—T ds = de+ P dt when dY = 0. (b)

As in the case of the DLMN system (i.e. without mixture), this lemma allows to write that the systems (14)
and (15) are equivalent. As a consequence, we obtain conservation properties which are a transposition of
Lemma 2.1 to the case of the DLMN-.# system:
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Lemma 2.4. Under the thermodynamic Hypothesis 2.1, the DLMN-.# system verifies

%/QYp(Y,T,P)(t,x)dXZO, (a)
%/Q(I—Y)p(Y,T,P)(tvx)dx=0» (b) ey
%Ammﬂm@mwza ()

This lemma shows that we have again a mass conservation property for each fluid k although we have lost the
interface notion in the DLMN-.# system, this notion being hidden in the mixture closure law (28)(a).

We have also the transposition of Lemma 2.2 when there exists a mixture area:

Lemma 2.5. Under the thermodynamic Hypothesis 2.1, the DLMN-./ system verifies the Lemma 2.2 by
replacing the constraints (20) with the constraints

/Q Yp(Y,T,P)x) dv =M1, (a)
[a=pr. 1)) de = a2, (0)
7 (32)
/mmﬂmmwza (©)
ngx) >0 and P> 0, (d)
Y(x) =Y>*(x) € [0,1]. (e)

Because of relations (30), the proof of Lemma 2.5 is identical to the proof of Lemma 2.2.

Lemma 2.3 — which extends the thermodynamic Hypothesis 2.1 in the mixture area — and Lemmas 2.4 and
2.5 — which are the extensions of Lemmas 2.1 and 2.2 in the mixture area — allow to be confident on the well-
posed character of the DLMN-.# system. Let us underline that, due to Lemma 2.3, the sound velocity
c(Y, T, P) in the mixture area defined with (27)(b) is well defined. To obtain this result, we can use an extension
of the Godunov-Mock theorem in the case of a mixture [31].

2.4. The potential DLMN-./ system

We now define the potential approximation of the DLMN-.# system by using an operators splitting. The
starting point is to note that any field u(x) € L*(Q) can be decomposed with
u(x) = w(x) + VO(x) where V-w =0,
V& nlyg =u-nlyg, (33)
wenfpg =0
which corresponds to the Hodge decomposition [9]. The fields w and V@ are, respectively, the solenoidal (free
divergence) and potential parts of the field u. The decomposition (33) is unique (up to a constant for the po-

tential @). By decomposing the velocity field u(z,x) of the DLMN-.# system with (33) and by injecting this
decomposition in the system (2) and in the boundary condition (8)(a), we obtain the system

A® =G,
VO -nlpo=0 (b)
coupled to the non-homogeneous diphasic incompressible Navier—Stokes system
V-w=0, (a)
pDw=—-VII+V - -0—pg—pDV®, (b)
(35)

wnlgo =0, (c)

W Tl ==V®-1ly (d)
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where 7 is the tangential vector to the boundary 0Q and where
D, :=0,+(w+VP)-V.

Eq. (34) describes the diphasic thermodynamic character of the DLMN-.# system; the system (35) describes
the diphasic dynamic character of the DLMN-.# system. Of course, this two characters are coupled. Let us
underline that when V@ =0, the system (35) coupled to (1)(a) and (11) is the diphasic incompressible Na-
vier-Stokes system whose numerical discretization was studied with interface tracking techniques
[4,23,25,27,28,45,46] or with the level set approach in [38]. To focus on numerical difficulties coming from
the diphasic thermodynamic character of the DLMN-.# system, we split the system (35) from the DLMN-
A system. Thus, we suppose that:

Hypothesis 2.2. The velocity field u(¢, x) is potential.
This hypothesis allows to obtain the system

D,Y =0, (a)
p'D.T = I;((t’)) T+ év -(AVT) (b) (36)
coupled to
AP =G, (a)
{w-mmzo (b) (37)
with now

D :=0,+Vo-V

since u(t,x) = V&(¢,x). The system (36) and (37) defines the potential approximation of the DLMN-./# system.
Of course, this system is closed with Egs. (3), (4), (8)(b) and (23)—(28). Moreover, Lemmas 2.3-2.5 are still
verified. Let us remark that we can add in Lemma 2.5 only in the case of the potential DLMN-.# system that
u(t,x) — 0 when (T, P) converges to the equilibrium (7°°, P*) since G — 0 coupled to (37) implies that
Vo — 0.

Let us underline that the potential approximation of the DLMN-.# keeps the elliptic character of the
DLMN system since the velocity field is deduced from the Poisson equation (37). Moreover, any solution @
of the elliptic equation (37) is unique (up to a constant) because of the Neumann compatibility condition
(5) (cf. the Fredholm alternative). And, as soon as x — G(t,x) is in L™(Q), standard elliptic regularity results
show that x — V@(¢,x) is a continuous function. Thus, the velocity field # := V@& is unique and continuous.

Remark on Hypothesis 2.2

Of course, Hypothesis 2.2 is not valid from a physical point of view. Nevertheless, the splitting (34) and (35)
is useful from a theoretical and numerical point of view. Indeed, this splitting is useful to obtain existence and
uniqueness results for the Majda’s low Mach number system [21,22,34,35]: this could be also the case for the
DLMN system. More precisely, it is natural to firstly obtain existence and uniqueness results for the potential
approximation of the DLMN system before studying the (no-potential) DLMN system. We think that this is
also the case at the numerical point of view in the sense that any good DLMN solver will have necessarily to be
a good DLMN solver in the potential case. In Sections 3 and 4, we will show that it can appear strong numer-
ical instabilities when the initial temperature differences are large, and we will propose and justify a cure by
studying the discretization of the potential DLMN system. These instabilities would also appear with the
no-potential DLMN solver.

3. Discretization of the potential DLIMIN-M system

We now propose a 2D numerical scheme for the discretization of the potential DLMN-.# system. For sake
of simplicity, we suppose that the 2D open domain Q is equal to [Ximin, Xmax[XVmins Vmax [ Where Xmin, Xmax> Ymin
and y.x are four reals; it would be possible to define a more complicated 02 but it would complicate the nota-
tions because of the boundary conditions on 0Q2. Moreover, such a rectangular domain is representative of a
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section of a 2D pipe in a nuclear reactor. The time subscript is equal to n and the time step is equal to Az. The
2D spatial mesh is supposed to be cartesian. The space and interface subscripts in the x direction are, respec-
tively, defined with i and i + 1/2; the same quantities are defined in the y direction by replacing i with j. The cell
size is equal to Ax in the x direction and to Ay in the y direction.

The 3D extension of the 2D algorithm proposed in this section — including the interface capturing algorithm
proposed in Section 3.4 — is natural, and all the properties written in 2D are also verified for the 3D extension.

3.1. Formulation of the 2D scheme

We discretize the system (36) and (37) with

Vi =Yl A T (@), (a)
. : Lo (7o Py DY T, (38)
Ti;rl — Tl._j+At~ 753(@ , T )i‘j+ﬁi.j< 22 Ti.j i J (b)
L]
and
Aneny(P") = G". (39)

The discrete operators 7y(®,Y) and 77(®, T), respectively, discretize the continuous operators V& - VY and
V@& - VT. The discrete operator 9 r(Y,T) discretizes the diffusion operator V- (AVT). In (39), Axy a)(®P) is the
classical 2D discrete laplacian operator on a 2D cartesian mesh with Neumann boundary conditions. It is de-
fined with
l 2(1)1 + qjt 1 l 1 — z(pl + 431 1
A d) — Ly — J +1J i J [Yas
AX«,A,V( ) sz + Ayz

when the cell (i,j) does not have any interface belonging to the boundary 0Q2. When one interface belongs to
0Q — let us say the interface (i — 1/2,j) — the discrete operator Ax, a, is given by

_q)i i+ qbi-%—l j 1 1 — 2(1)1 + (pt +l
A (D) = Y J J— J J
axav(®P) AT A
Let us underline that Ax, A, is simple because the mesh is supposed to be cartesian. Using formula (3), we de-
fine the vector (G7)), ; with
1 2", Py B

"= . LA Yy, 4
Gh./ F:'l,j pr + P gT( ) ( 0)
where #'(Y", T", P") approximates the quantity P'(¢"). As Z1(Y, T), the discrete operator Zr(Y, T) discretizes
the diffusion operator V - (AVT); 9 and 91 are not equal for reasons which will be exposed in Section 3.3.
The equation (39) — whose the unknown is the vector (@ j),.‘j — is solved with a conjugate gradient method
or with a discrete fast Fourier transform. At last, the thermodynamic pressure is given by the scheme

Pn+l _ p(Yn YnJrl7 T”, Tn+1 Pn) (41)

by noting that (Y”“)l ; and (7} ”“) ., were previously computed with the explicit scheme (38) and (39). Of
course, the quantity o(Y”, V"', T” T, P") is an estimation of P(/"""). Let us underline that o, B;; and
I}, are, respectively, equal to a(Y}, T}, P"), (Y], T;,P") and I'(Y], T}, P"), the functions oY, TP)
,B(Y T,P) and I'(Y,T,P) being deduced from the mixture equations of state p(Y,T,P) and &Y, T, P) (see
26,27,29). Moreover, the conductivity 4;; is equal to A(Y];, T}, P") where A(Y,T,P) is compatible with (23)
(U Y, T, P) may be given by (24) for example, which will be the case in Section 4).

The operators Z/(Y", T", P") and p(Y",Y" "', 7", 7" P") are given in Section 3.2. The operators 2,(Y,T),
(Y, T) and (@, T) are given in Section 3.3. The operator 7y (®, Y) is given in Section 3.4 and defines the

2D interface capturing algorithm.
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3.2. The operators Z'(Y",T",P") and p(Y", Yy pt)

We firstly define the discrete operator #'(Y", T", P"). Secondly, we propose three different schemes defining
e(Y" YL T T P,

3.2.1. The operator Z'(Y",T",P")
We define 2'(Y", T", P") with

S B 2r(Y", T, Ax Ay

2 (Y",T",P") = - A (42)
ij F;lJ
This formula is of course consistent with (4). Moreover, (40) and (42) show that
Z Gl Ax Ay =0 (43)

which is a discretized version of the Neumann compatibility condition (5). Condition (43) implies that the dis-
crete elliptic equation (39) admits an unique solution (@), up to a constant (in other words, the matrix
Aax, Ay 18 invertible in the subspace orthogonal to the 1dent1ty vector). Thus, the 2D discrete potential velocity
field (u,v) given by

(137 | (D?
Wiy = - 13)7 £, (a)
n " (44)
D — P
o e T T ()
ij+1/2 Ay

is well defined and satisfies the boundary condition (8)(a) on 0Q. Let us remark that the 2D velocity field is
defined on a staggered grid as in [26].

3.2.2. The operator p(Y", Yy vt pr)

There are three possible numerical schemes (see also [14] in the 1D lagrangian case). The two first schemes
conserve respectively the mass and the energy, and are implicit (except when the two fluids are perfect gases:
see Section 4). The last scheme does not conserve the mass and the energy but is explicit.

Conservative scheme in mass:
Using Egs. (31)(a) and (b), we can evaluate the pressure P""' = o through one of the three non-linear
equations

ZY’H‘I (Y;7j‘l’T”+1’p)AxAy ZYIJIO( ij? z]’P”)A'XAy’ (a)

%:(1 - Y:Hl)p(y:z;rla Tn+17 p)AXAy - Z(l - )p(an/: T:T/aPn)AXAya (b) (45)
S p(VE T G)AxAy = X p(¥, T, P)AxAy ()

i,j L]

as soon as (7, T):.’;l is known. The non-linear equations (45)(a), (b) or (c) implicitly define three possible oper-
ators p with

P = o(Y", Y T T PY) where ¢ is the unique strictly positive solution of (45)(a), (b) or (c).
(46)
By using Egs. (45)(a), (b) or (c), the scheme is respectively conservative for the mass of fluid 1, for the mass of

fluid 2 or for the total mass. Nevertheless, this scheme is never conservative for the mass of fluid 1 and for the
mass of fluid 2. These three schemes do not conserve the energy.



S. Dellacherie | Journal of Computational Physics 223 (2007) 151-187 165

Conservative scheme in energy:
Using the same approach, we can see that the discrete version

> pe(Yi T 0)AxAy = pe(Y!, T, P")Ax Ay (47)
ij ij

of Eq. (31)(c) allows to implicitly defines another operator p with
P = o(y", Y"t T T P where g is the unique strictly positive solution of the equation (47).

(48)
This scheme is conservative in energy but does not conserve the mass of any fluid.

Non-conservative scheme in mass and in energy:
Having previously define the operator 2/ (Y", T", P") with (42), we can also define the explicit operator g
with
P = oy, Y T T P = (Y, T, P") where o(Y", T",P") .= P" + At-Z'(Y",T", P"). (49)
The scheme (49) is explicit but cannot be conservative in mass or in energy. Moreover, the time step Az has to
verify

1

P
At < —————— Wh Y"1, P") <0 50
< y/(Yﬂ, Tn,P”) when ( ) ( )

in such a way the pressure P""' remains strictly positive.
3.3. The operators (Y, T), D¢(Y,T) and T+(®,T), and the entropic correction

We now define Z;(Y, T). Then, we define (Y, T) and 77(®, T). The operator Z (Y, T) is not equal to
Z1(Y,T) despite Z7(Y, T) and (Y, T) discretize the same continuous operator V - (AVT). Indeed, we have to
introduce an entropic correction in Z1(Y,T) in such a way (77, P") converges to a good discrete equilibrium
(T7; =T~ >0,P* > 0) when n goes to infinity (see Lemma 2.5).

3.3.1. The operator 9(Y,T)
We define the discrete diffusion operator with the classical conservative formula

g;?lT(Y’ T)H»I/Z,j (Y T)l l/2/+ ‘JT(Y T)zj+l/2 ‘JT(Y T)lj*l/Z

71Ty = Ax Ay (51)
where
7 Tiy— Ty
ygr(Yv T)i+1/2.j = )"i+1/2,j ’ #; (a)
o Tiyr — Ty (52)
QT(Y T)1/+1/2*)z]+1/2 T (b)

When the interface (i+1/2,j) (or (ij+1/2)) belongs to 0Q we impose J7, (Y,T)iii2;=0 (or
T QT(Y ,T )i‘j = 0) (if the boundary condition (8)(b)). In (52), the conductivities 2;11/»; and 4; ;11> may
be defined for example with the formulas

PP L P .Y,
B 2 53
Jajer + I (53)
Aijrijp = 7"/“2 -
or with the formulas
2 11
disipng ity iy
2 11 (54)

)~i,j+l 2 L+l Ay
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When the mixture conductivity 4;; := A(Y;;, T;P) is given by the formula (24) or by the formula (25), it seems
to us natural to use, respectively, the formula (53) or (54). In Section 4, we use the formula (53) since we define
(Y, T, P) with (24). Let us underline that when O(4,(T,P)) = O(2,(T, P)) — which is the case for the numerical
applications in Section 4 — all average formulas are equivalent. Nevertheless, it should not be the case when
O(A(T,P)) > O(4(T, P)): this point is not studied in this paper.

3.3.2. The operators D 1(Y,T) and T+(®,T), and the entropic correction

Numerical results in Section 4 show that when (Y, T) := 2¢(Y,T), the entropy & (Y", T", P") may not
decrease which could imply that (77;,P") does not converge toward a good equilibrium (77, P>) when n
goes to infinity: in other words, Lemma 2.5 may not be true at the discrete level when
@T(Y, T):= (Y, T). This means that we have to modify the formulas (51) and (52) with an entropic cor-
rection to define the operator (Y, T) in such a way we recover the decreasing of the entropy. By studying
the 2D algorithm at the semi-discrete level (i.e. continuous-in-time and discrete-in-space), we can explicit the
entropic correction when the two fluids are perfect gases verifying ff; = f5,: see Lemma 3.2. Although this
entropic correction is obtained in a particular case, we expect that this entropic correction gives also good
numerical results for other equations of state verifying the thermodynamic Hypothesis 2.1, especially in
the case of van der Waals equations of state (which can model liquid and gas phases). Let us note that,
in Section 4, we numerically show that the proposed entropic correction gives also good results for two per-
fect gases verifying f5; # fs.

Definition of the operators 7 (Y, T) and 7(®, T):

Let us define the transport operator 77 (®, T') with the formula
Ir(P,T),, =T (®,7),,+ 77 (®,T),; (55)
where

1 Tivy;—Tiy Tij—Ti1y
TP, T),, == |tiy1)2) - Y A Ui 1p2 LV s (a)
S22 Ax Ax (56)
: 1 Tijr1—Ti; Tij—Tij
T (@ 7);y =5 {”ml/z : # + i1 JA—yJ] (b)
knowing that the discrete velocity field is given by (44), and let us define the diffusion operator 9 r(Y,T)
with
~ Y, T g3 (Y, T Y, T Y, T
QT(Y7 T)[J: ( )l+1/2]Ax fz-( )1 1/2J+ ( )1J+1/2Ay JT( )l] 1/2 (57)

(Y T)1+1/2, C(T)ﬁil/z,_,« : ,?";T(Y, T)i+1/2‘/‘7 (a)
(58)

o, (Y, T)ijlﬂ/z C(T)jj/ﬂ/z F 0, (Y, 1), 1010 (b)

The discrete quantities {(7);7, 1, and {(T )I i+1/2 are the entropic corrections introduced in the discrete diffusion
operator 17 r(Y,T),, in the cell (i), and converge to 1 when Ax and Ay converge to zero (i.e. when Ty ; — T
and T; ;11 — T;)). They will be defined in Lemma 3.2 with (67) (or more explicitly with (69)). The necessity to
correct the discrete diffusion operator (Y, T) in the temperature equation (38)(b) with the corrective terms
LY, 1, and {( )l "-+1/2 Will clearly appear in Corollary 3.1. Let us underline that these correction terms could
make non-conservative the discrete operator D(Y, T),, since {(T )t 2 and {(T ) +1/2 MY respectively, be dif-
ferent from {(T )iﬂle and { (T)zfjﬂ 1>~ This last point has not to be a priori seen as a “strange characteristic” of
the scheme since the continuous equation (36)(b) is not a conservative equation (in other words, the quantity
J, T dx is not conserved; see Lemma 2.4 for the conserved quantities).
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Computation of the entropic correction {(7) and entropic properties of the scheme:

The necessity to correct the discrete diffusion operator Z7(Y,T) in (38)(b) with the corrective terms
C(T), /2 and C( )X 1) is explained in the case of two perfect gases satisfying f; = f,. In that situation,
we have P'(1)=0 — thus, P(t > 0)=P(t=0)=P° — (Y, T,P°) = 1/T, and B(Y,T,P°), I'(Y, T, P°) are two
strictly positive constants (see Section 4).

We have the following result whose proof is immediate:

Lemma 3.1. When the two fluids are perfect gases verifying §; = B> := f where f is a strictly positive constant,
the system (36) and (37) with the boundary conditions (8)(b) and (9)(c)(d) is given by

0, Y +kA(Y,T,P)VT - VY =0, (a)
O,T + kA(Y,T,P°)(VT)* = kTV - [AY,T,P)VT], (b)
VT(t,x) - n(x) o = 0, (©) (59)
T|Zl(t) = T|22(z) (d)
AVT |54 -2 = AVT |y, ) - mia (e)
where « = BIP° is a strictly positive constant. Moreover, the system (59) is equivalent to the system
oY + kA(Y, P )Vu ' -VY =0, (a)
o= rV - [AY, 1", P)Viogul,  (b)
Vu(t,x) - n(x)|pq =0, (c) (60)
.U‘z.(;) = .U|zz(,) (d)
ivﬂ‘zm) N2 = Wulzm N2 (e)
with
u= % (61)

Eq. (59)(b) is a Hamilton—Jacobi equation with a non-conservative diffusion term. The system (60) can be writ-
ten in 1D with

Ot = k. [11 ()0upt] if x < X(1),
O = Kaxﬁz(ﬂ)axﬂ] if x> Z(t)a (62)
Ti(p) = 2 (' P°) /e

with the conditions at the moving interface x = 2(¢)

& (0= K- (1) with K(u) = /.
Hls- = Bz .

~

il(#)axﬂbw) = /12(#)6x#|z+<1) = q(1).

Thus, the system (60) is also a Stefan problem. This kind of Stefan problem is for example studied in [46] to
model phase change phenomena. In [16], we explicit auto-similar solutions of (62) and (63).

The advantage of Eq. (60)(b) is that it is a conservative equation oppositely to Eq. (59)(b), and that we
immediately obtain that & (u)(¢) := [, plogu dx is a decreasing function whose infimum is equal to . (u™)
with u>*(x) = C" = |, o M(t=10,x) dx/ fg dx. Thus, using the equivalence Lemma 3.1, we find that the quantity
S(T)(t) == — [,“.L dxis also a decreasing function for the system (59) whose infimum is equal to & (7) with
T°°(x) = C”. Let us note that the quantity &(T)(¢) is the thermodynamic entropy (up to a multiplicative posi-
tive constant) when the two fluids are perfect gases verifying §; = 5, (see also Sections 4.2 and 4.3). In other
words, we recover the conclusion of Lemma 2.2 in a particular case.

The idea is now to take advantage of the equivalence between the systems (59) and (60) to obtain an entro-
pic scheme at the semi-discrete level. More precisely, since it is not difficult to obtain a semi-discrete entropic
scheme for the system (60) — which is not a priori the case for the system (59) —, we will define the discrete
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diffusion operator 7 r(Y,T) used in the scheme (38)(b) in such a way Lemma 3.1 is also verified at the semi-
discrete level. Let us underline that this approach was also applied with success in the field of kinetic equations
to obtain a H-theorem at the semi-discrete level and to obtain an entropic scheme at the fully discretized level
[6,12].

The equivalence of the systems (59) and (60) at the semi-discrete level is obtained in the following lemma:

Lemma 3.2. Let us suppose that the two fluids are perfect gases verifying 1 = f:= p where B is a strictly
positive constant and let us define the discrete diffusion operator 2,(Y, 1) with (51) and with

Ait1)2 M — iy (a)

T, (Y )1, = Hiv1)o Ax
e . ) (64)
- _ Fagrp M — By
T 5,V )i = Wiy / Ay -0
ij

where L1 Is a symmetric average of w;; and vy j, and where p; i1 is a symmetric average of w;; and [i; j+1.
With these definitions, the semi-discrete equation

0T+ T1(®, T) =T, 71(Y,T),, (65)

where T(®,T) and Z+(Y,T) are given by (55)~(58) and where i := BIP° is equivalent to the semi-discrete
equation

Ol;; = KZ,(Y, ,LL)I-J (66)
with p; ;= UT;; if and only if the corrective term {(T) in (58) is defined with
- Tii— T 1
Uy, , = —= S , (a
(Dikr, 2T;; His1/2, i1 (@)
T T ' (67)
£ T ;/ _ ij+1 ij + . b
()12 2T, W12 i1 ®)

The corrective term ((T) defines the entropic correction of the discrete operator 9 (Y, T).

In (64) and (67), the averages p;y1/2,; and p; ;1> may be defined for example with the symmetric averages
(53) or (54) (by replacing A with p).
Lemma 3.2 allows to obtain the important corollary:

Corollary 3.1. The semi-discrete scheme (65) verifies

d
-9 0 68
Lo < (68)
with ¥ (T) = ZuloﬁT”AxAy when the corrective term {(T) is defined with (67). Moreover, when {(T)= 1 —

which is equivalent to" % (Y, T) = @(Y,T) —, the scheme (66) is a non-conservative scheme although (60)(b)
is a conservative equation.

The entropy & (T) = =, Jloglr’ —=-Ax Ay is the discrete thermodynamic entropy when the two fluids are perfect
gases verifying §; = f». The second point of this corollary underlines that it is impossible to prove that the
semi-discrete scheme is always entropic when we dot not use the entropic correction that is to say when
2r(Y,T) = 27(Y, T). Numerical results in Section 4.4 confirm this corollary when the time is also discretized
by showing that for the proposed test cases, the numerical scheme does not converge when
2r(Y,T)=27(Y,T) and converges when we use the entropic correction. Let us note that we deduce from
formula (67)(a) the two simple formulas

2ﬂi+1;.“i,' i z+1 + T2
Hivip2; = —,“‘+1 A i,u] — g(T)iil/z.j = —2T LU o (a)
T T (69)
Hivq + K ij I 1 + 3T2
Hivip2; = Y 12 L = é’(T)iiuz-J' Y Er J+1 + T ) (b)
ij T; J ij
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We have of course similar formulas for {(T )l Y172 by using the formula (67)(b). We verify that for the test cases
proposed in Section 4, the formulas (69)(a) and (b) give similar results.

Proof of Lemma 3.2. Let us study the (i +1/2,j) term in the scheme (65). We have

1 Tiviy = Tiy 5Dy 1 Tiviy—Tiy
Tt ]Ax o KTz‘.j Ax ! = T2 # + kT3, (T ),+1/zj
f;T(Yv T)i+1/2.,j
—

Moreover, since f3; = B by hypothesis, the formula (42) shows that
>, 2r(Y" T, Ax Ay _
>l B
Ljo Iy
since Z7(Y,T) is a conservative operator and because of the boundary condition (8)(b) on 0Q. Thus, Eq. (39)
takes the form
Aners(¥) = KT (Y, T")

"J//l(anTnvpn) :ﬁ

which implies that M = Klit12) ’“’ "'y Using (44), we deduce that
Ti+1.,j — Ty
Uir1)2,; = K)“i+1/2,j#~
Thus
1 T,ur]"—T,',‘ (Y T)H»]/Z
- 5“#1/2‘]‘ . ij L4 KTi,j Ax J
Ait1)2g 1
=K Ax/gj (Tiv1;—Tiy) _E(THIJ = Tij) + Ti(( )1+1/2]
_ Jis1)2 ) Tin,— Ty ) T;; _ _K;~i+1/2‘/' My By L __ ¥ 97;,,()]7 T)i+1/2,j
Ax? Hiv1/2, Tiy Ax? Hiv1/2,4 H?J /lfz,j Ax

by using (64)(a) and (67)(a). By doing same calculus on the other terms, we finally obtain that
- I(®,T),; +xT1;27(Y,T),; = —ﬁ@H(Y, 1);,; that is to say

K
atTi.j = ——ZQH(Y,,H)U.
Hij
We conclude by noting that 0,7;; = —u;;atu,.k,. O
Proof of Corollary 3.1. For sake of simplicity, we write the proof in the 1D case, the proof in the 2D (and 3D)

case being the same. We have

logT;
S0 ==Y T A= Z 1, log 1, Ax.

i

Thus, the time-derivative of & (T)(¢) is equal to

=D OuyAv+ ) log jduAx

And since the semi-discrete scheme (65) is equivalent to the semi-discrete scheme (66) (cf. Lemma 3.2), we ob-
tain that ) .0,u,Ax = k), 2,(Y,pn),Ax = 0 (since Z,(Y, u) is a conservative operator) and >, log u;0,u,Ax =
Ky log 1, 2,(Y, n),Ax. This implies that

d ap X
Ey = KZ log 1,2, = KZ log 1,[ 775, (Y, W10 = 75,V 1)y )

Ait1)2
Hiv1/2 Ax

—Kzlogu, 10g ;1) 7%, (Y, 1)1/ = Kzlogml log ;) (11 — 1)
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We obtain that %y(T)(t) < 0 by noting that x > 0 and that (log u;+; — log p;)(pti+1 — 1;) = 0 since x — logx is

an increasing function. Let us underline that this result is obtained for any w11/ > 0 and, thus, for any cor-

rective term ((7);,, » verifying the formula (67)(a). To prove the second point, we just have to note that
2

Ur),, 5, = 11s equivalent to y; ), = 3;+’]*'M which is a non-symmetric formula. [

3.4. Interface capturing algorithm: the operator Ty(®,Y)

We now define the discrete operator 7y(®,Y) used in (38)(a) to discretize the 2D transport equation
(36)(a). Firstly, we recall the splitting technique which allows to uncouple the directions x and y. Secondly,
we recall the 1D non-diffusive scheme proposed by Després and Lagoutiére in [18,19,31] and we describe
the extension in our context of this 1D scheme. This extension will be used to define the operator
Ty(®,7). Because of the properties of the Després—Lagoutiere’s non-diffusive scheme, we obtain a first order
operator 7y (®,Y) which defines a 2D scheme (38)(a) diffusing any initial Heaviside function ¥° on a small
number of cells (between one and three) during the transient regime.

3.4.1. Splitting of the 2D transport equation (36)(a)
To solve the transport equation (36)(a) in 2D, we split the directions x and y. This means that we succes-
sively solve the two transport equations

0¥ + v(t,x,9)0,Y = 0 with v(t,x,y) := 0,®
and
0,Y + v(t,x,)0,Y = 0 with v(t,x,y) := 0,®

at each time step. Thus, we discretize (36)(a) with the scheme

{Y;j], =Y, = At-T3(9"Y"),,, () (70)
n+l __ y* /1 *
Yl =Y — A 739", Y),, (b)

where 7 (®,Y) and 77 (@, Y) discretize, respectively, the continuous operators 0,90, Y and 0,90, Y. In other
words, the operator 7y (®, Y) is defined with the formula

Ty (®,Y) = TE(@", Y"),, + TP, Y*),, where Y, = Y!, — At- T3(@", "), (71)

Let us underline that we can use this splitting technique because the 2D mesh is cartesian. The importance of
this splitting approach will be underlined in Section 3.4.4.

It remains to define the discrete operators 7, (®,Y) and 77 (®,Y) used in (71). Since the previous splitting
approach is equivalent to solve successively two 1D transport equations, we just have to define the operator
J,(®,7Y) in the 1D case

0,Y + v(2,x)0,Y = 0 where v(t,x) := 0,P is a given function. (72)

The extension for 7, (®,Y) and 77 (P, Y) in the 2D case will be immediate. To define the operator 7 (@, Y)
in the 1D case, we extend to the case v(z,x) # C” the non-diffusive scheme proposed in [18,19,31] for the
resolution of the 1D transport equation 9,Y+ 1v0,Y =0 where v= C”. We recall in Section 3.4.2
this non-diffusive scheme and its basic properties (see Lemma 3.3) and we explicit this extension in
Section 3.4.3.

3.4.2. Discretization of 0,Y + v0..Y = 0 with v := C* with a non-diffusive scheme

The Després—Lagoutiere’s non-diffusive scheme was proposed and studied in [18]. This scheme enters in the
class of schemes using the slope-limiters formalism [43] and is equivalent to the ultrabee scheme [44]. This
scheme has been rewritten with an equivalent formulation in [19] (see also [31]) which does not use explicitly
the slope-limiters formalism. This formulation is given by
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At m n
yrtl = Y;l - EU ’ ['{yiﬂ/z(v) - @ifl/z(v)] (73)

1

where
bi(v) if Y < bi(v),
Yicp(v) =< Yi  if bj(v) < Yy < Bi(v), (74)
Bi(v) if Bi(v) < Yin

with
YifmaX(Y[,l,Y,')
(1) = Y. . .Y
biv) ohjhe T, 5
By(o) = LTI n V) YY)
i\ = AL/ Ax =1y Li)-

Of course, when v = C* < 0, we have to change (74) and (75) with symmetric formulas. This scheme is inter-
esting because of the following lemma [18,19,31]:

Lemma 3.3. Under the CFL criteria At <Ax/v, the scheme (73)—(75) is convergent, is such that
0<Y"< 1= 0<Y"™ <1 and diffuses any Heaviside function on only one cell which means that the numerical
diffusion is controlled uniformly in time.

The main advantage of the scheme (73)—(75) is that any 1D interface captured by this scheme remains sharp
for any integration time. Let us note that it is easy to prove that when the initial condition is a Heaviside func-
tion, the 1D scheme (73)—(75) is equivalent to the reservoir scheme proposed in [3]. The advantage of the for-
mulation (73)—(75) is that it enters into the field of finite-volume schemes (which allows to obtain convergence
results with classical techniques) and that the 2D (or 3D) extension is immediate through the splitting tech-
nique described in Section 3.4.1. To our knowledge, the extension in 2D and 3D of the reservoir scheme for-
malism is not so natural.

3.4.3. The operator 7,(®,Y) in the 1D case

We now discretize the 1D transport equation (72) with v(¢,x) # C* by extending the scheme (73)—(75) to
our context. Let us underline that the possibility of this extension is mentioned in [31]. The idea is to suppose
that, locally to the cell i, the velocity v(z, x)€]x;_1/2, Xi+1/2 [iS @ constant v;. Thus, we define the scheme

Yl =y — At T3(@7, YY), (76)
and the operator J,(®,Y) with
X 1 (piJrl - (Difl el righ
Ty Y) =3 oA [YES (@) = Y75, ()] (77)
with
D — D
ViR 2(@) = Wi o ),
i+ 2A)C (78)

ri Dipr — P
YiEL(®) = Wiz <+2T)

where %;,,,,(v) is given by (74) when v> 0 (and by the symmetric formulas when v <0). Let us note that

% is an approximation of the potential velocity field in the cell i and that

Upip sy P — Pig
2 - 2Ax
where the discrete potential velocity field u;1,, is given by (44)(a). Of course, the scheme (76)—(78) is consistent
with Eq. (72).
The important point of this subsection is the following result:
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Lemma 3.4. Under the CFL criteria At < Ax/max;|u’ the scheme (76)—(78) is such that
0<Y!I<1I=0< Y”Jrl < 1 and diffuses any Heaviside function on only one cell which means that the numerical
diﬁ‘uszon is controlled uniformly in time.

The proof of this lemma relies on the fact that, locally to any cell i, the scheme (76)—(78) is identical to the
scheme (73)—(75) which implies that the conclusions of Lemma 3.3 are still valid.

3.4.4. Remark on the importance of the splitting technique
The use of the Després—Lagoutiére’s non-diffusive scheme makes necessary to split the directions x and y to
define the operator 7y (®,Y) in the 2D case. Indeed, the 2D scheme

n n At n n At n ayn
Y H Y Ax [g1+1/2]( U) — O‘yifl/Z‘/(Ux)} - A—yvy : [@i,_,‘ﬂ/z(vy) - gi,_,q/z(vy)]

used to discretize the 2D equation 9,Y+0v-VY =0 (with v=(v,>0,0,>0)= C*) is not stable when
Yi1)25(v,) and ¥, ;.1 5(v,) are defined with (74) [31]. Moreover, by applying Lemma 3.4 in each direction,
we obtain that the 2D operator 7y(®,Y) obtained by wusing the splitting technique verifies
0<Y};<1=0<Y}/" <1 under the CFL criteria Ar < min(Ax/max;;[u}, ; , |, Ay/maxlj|ulj+l/2|) And we
numerically verify that for the test cases proposed in Section 4, the 2D Heaviside function is diffused during
the transient regime on a limited number of cells (between one and three): this means that the accuracy objec-
tive of the two-steps approach (cf. Section 1) is realized.

4. Numerical results in the case of two perfect gases

We now propose 2D numerical results on the domain Q equal to the open square ]—1, 1[x]—1,1[. Let us
recall that the mesh is cartesian. In the proposed numerical tests, we have Ax = Ay. Nevertheless, we could
also apply our algorithm with Ax # Ay.

We firstly show in Section 4.1 that the 2D interface capturing algorithm proposed in Section 3.4 is accurate
by applying this algorithm to the numerical resolution of the 2D non-linear hyperbolic-elliptic system intro-
duced in [15]. This system models strong vibrations of a surface 2(¢) and the volume 7"(¢) bounded by 2(¢) is
also solution of an ordinary differential equation which can be solved explicitly: thus, we can test the robust-
ness and the accuracy of our 2D interface capturing algorithm. Secondly, we propose 2D numerical results for
the potential DLMN-.# system when the two fluids are perfect gases, the equations of state and the physical
constants being defined in Section 4.2. This case is important for two reasons: firstly, it allows to explicit for
any initial conditions the thermodynamic equilibrium defined by (7>, P>, S{°) and, thus, allows to study the
accuracy of the algorithm, the quantity S7° being the surface of the bubbles of fluid 1 when (7, P) = (7%, P™):
see Section 4.3; secondly, it is necessary to validate the way we used to define the entropic correction in Section
3.3 before simulating the DLMN system with more complicated equations of state.

The first test case proposed in Section 4.4 validates the convergence of the scheme toward a good thermo-
dynamic equilibrium and confirms the importance of the entropic correction, at least when the initial temper-
ature differences are large. To define this correction, we use the formula (69)(a) (the formula (69)(b) gives
similar results for the proposed test cases). The second test case proposed in Section 4.5 shows that the 2D
interface capturing algorithm defined in Section 3.4 allows to capture fine details of the compression and dila-
tion of bubbles, even when the topological changes are important. We show in Section 4.6 that the thickness of
the artificial mixture area is almost constant and lower than three cells during the transient regime. That prop-
erty is an important characteristic of our algorithm and is of course directly linked to the properties of the 2D
interface capturing algorithm based on the Després—Lagoutiére’s non-diffusive scheme [18,19,31] (see Lemmas
3.3 and 3.4). At last, we numerically show in Section 4.7 that the scheme converges with a first order error and
we study the value of the time step Az during the transient regime.

The time step At is such that

At = CFL x min(At,, Aty) (79)
with CFL = 1/5 where
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Ax
)
max(fuii/2,1; i1 2])
-
max (4 /o))
ij

At, = (a)

(80)
min(Ax*, Ay*).  (b)

Aty =

We numerically verify that the constraint (79) is sufficient to obtain the stability of our algorithm. Let us note
that we could relax the constraint (79) by taking CFL > 1/5 (indeed, CFL € [0,2/5] seems to define a stability
limit area for our explicit algorithm). The constraint Az < At, is imposed by the explicit 2D interface capturing
algorithm (38)(a); the constraint Az < At7 is imposed by the diffusive part of the explicit scheme (38)(b).
The thermodynamic pressure P”+l is computed with the operator £ defined with the implicit scheme
(45)(c). This operator makes conservative the scheme in total mass (let us recall that with this choice, the
scheme cannot conserve the mass of the fluid 1 and the energy of the system). The operator # given by
(45)(c) is implicit. Nevertheless, when the two fluids are perfect gases, the operator 2 is explicit. Indeed, we
easily obtain that (45)(c) coupled to the closure law (28)(a) and to the equation of state (84)(a) gives
Ax Ay
Z[/ R T".

n+l _ g n yntl gn ogntl pny . pn | ijtij
P = (0 T T PY) = P

Zivj n+1 n+1
Rl}/’ Ti=j

with R} =7 : R+ (1- Y} j)Rz. Let us note that for the two test cases proposed in this section, the numerical
results are equivalent when the operator £ is defined with (45)(a) or (b), or with (48) or (49). At last, the initial
pressure P’ = P(t = 0) is equal to 10°. This high pressure implies that the initial Mach number is lower than
3% 1072 in the two test cases. Since the Mach number decreases exponentially to zero, the low Mach number
condition — which defined the physical validity domain of the DLMN system — is always satisfied. This expo-
nential decreasing also underlines that it would be necessary to use good preconditioning techniques and ro-
bust iterative solvers to reproduce these two test cases with implicit diphasic compressible Navier—Stokes
solvers.

4.1. Preliminary results.: discretization of an abstract bubbles vibration model

n [15], we have established an existence and uniqueness result for a classical solution of the non-linear
hyperbolic-elliptic system

QY VP -VY =0, (

V(1= 0.x) = (), (b

8040 21, (81)
(

V- nly,=

() € €([0, +o00)

Q
is a given function which imposes the frequency of the vibrations of X(#) when the initial condition is given by
(7). Let us remark that the system (81) and the potential DLMN-.# system have a similar mathematical struc-
ture. An important property of the system (81) is given in the following lemma [15]:

Lemma 4.1. When the initial condition Y(t = 0,x) is given by (7), the volume V" (Q, (¢ fQ dx of the bubble
Q(?) is solution of the ordinary differential equation

@) =@ - fOI = f()],

defined on [0, +oo[ x Q, the function #(Y) being given by #(Y) =Y foY;X

@
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with f(t) = 11(9(19(;)) and V°(Q) := [, dx. Thus, the volume of the bubble Q\(t) is given by
@) =@ = ewlh o)
77(Q(t = 0)) + 77 (2i(¢ = 0)) exp(f, ¥ (1) dr)

where ¥ (Q,(t = 0)) := 77 (Q) — 77 (Q,(t = 0)).

(82)

This lemma allows to study carefully the accuracy of the 2D interface capturing algorithm proposed in Section
3.4 by comparing the quantity

P aean(Q1 (7)) = Z Y? Ax Ay (83)

to the quantity 7 (Q;(#")) deduced from the formula (82). Thus, we solve the system (81) in 2D geometry by
using the numerical schemes (38)(a) and (39) with now

G" = lp(t”) Sy — ZILIYZAIAXA))
Y (ymax - ymin) (-xmax - xmin) ’

To impose strong non-periodic vibrations to the bubble Q(¢) and, thus, to the interface X(¢), we define y(¢)

with
2t 2mt 2mt
t)=3xcos|— | xcos|—=—] xcos|—=—] with 7 =1.
v (J’) <\/§,/f) <ﬁ7)

To study the accuracy of the algorithm locally to the interface X(¢), we define the initial conditions (7) in such a
way the bubble Q(¢ = 0) has the shape of a star and, thus, has a fine structure. Indeed, the system (81) is not a
dissipative system and the structure of the interface X(¢ > 0) should be similar to the structure of X(¢ = 0) de-
spite the strong vibrations (let us note that the DLMN system is dissipative because of the heat conduction).
The time step is defined with Az = min(CFL x Az, At,) with CFL = 1/2 where At, is given by (80)(a) and
where Aty = %0 The time step At, is linked to the signal y(7) whose high frequency is equal to 2n/7. We
use a 100 x 100 mesh. Figs. 1-3 show Y(z,x), respectively, when 7' = 0 (initial condition), ' =4 and " = 10
(which corresponds to n = 1000 since At,>0.019 and Az, =0.01). Fig. 4 shows the volume 77(Q,(¢)) of
the bubble (¢ € [0,10]) when it is computed with the analytic formula (82) and with the numerical formula
(83) (dashed line). These figures show that the 2D interface capturing algorithm based on the Després—Lag-
outiere’s non-diffusive scheme [18,19,31] is accurate and preserves the fine structure of the interface X(¢), even
under strong vibrations.

100 isovaleurs

0.3
0.8

Fig. 1. Initial mass fraction Y’ ?, (abstract model).
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Fig. 2. Mass fraction Y}, when ¢* =4 (abstract model).
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Fig. 3. Mass fraction Y], when ¢* =10 (abstract model).

4.2. Equations of state and physical constants

We now come back to the DLMN system. In this section, we suppose that the two fluids are perfect gases.
This means that the equations of state are given by

P
pk(T7P) :ﬁa (d)
k
RT (84)
& (T, P) = &(T) =——, (b)
71
where R, >0, 7, > 1 and k € {1,2}. In that case, we deduce from (12) and (13) that
1
(T, P) =a(T) = T
-1
ﬂk(Tvp) :ﬁk:ykﬂ )
Yk

Fk(T,P):Fk:“/k.
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Fig. 4. Volume of the bubble given by (82) and (83) (dashed line) (abstract model).

Moreover, by using (26)—(28), we obtain

and
a(Y,T,P)=o(T) :%,
BYT.P) = B(Y) =
r(Y,7,P)=I(Y) _1—;ﬁ(Y)’

where Z(Y) = YRy + (1 — Y)R, and 6,(Y) = Yfll—f‘l—i- (1- Y)iz—_’zl Let us remark that when f; = f3, that is to
say when y; = 7, := y, the previous relations show that (Y, T, P) = (y — 1)/y and I'(Y, T, P) = y: this particular
case is used in Lemmas 3.1 and 3.2 to define the entropic correction. At last, the conductivity A,(T, P) is sup-
posed to be a constant A, for sake of simplicity (but 4; # 4,), and the physical constants are given by

V1:3, y2:3/25
Rlzl, and R2:2,
Jy=1 Ja=1/2.

4.3. Thermodynamic equilibrium of the DLMN system

Lemma 2.1 coupled to the equations of state (84) shows that

%k(l‘) :@/() dxx fOI'kE{LZ},
Qi (t (85)
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are constants at the continuous level and, thus, are respectively equal to the initial quantities .#; (¢ = 0) and
&(t = 0) knowing that the quantities

Si(t) = [, Y(t,x) dx,
{Sz(f) — o1 = ¥(0)) de (56)

define the surfaces of Q;(z) and Q,(¢) (or the volumes in 3D). Of course, we have also Si(7) + S»(¢) = Sg where
Sq is the surface of the domain Q. By using these relations, we easily obtain that

(=D —1)

=&(t=0)- )

( ) (72 = DRyA(t = 0) + (7, — 1)Rodl»(t = 0)
&(1=0) ) Rleﬂl(t = 0) —‘rRzaﬂz(l‘ = 0)

S Ridh(i=0) RiAs(i=0) (87)

+
y— 1 7 — 1
Rpﬂ](t:())

Rlﬂl([ = 0) +R2,ﬂ2(f = 0) ’

P> =

SY¥ = Sq-

And since the thermodynamic entropy s,( 7T, P) is equal to A Tlog(Pﬁ‘ /T) when the fluid k is a perfect gas, we
deduce the infimum > = L (Y™, T, P*) of the entropy & = (¥, T, P) —cf. Lemma 2.2 — with the formula

o () ()
S = 7% |:ﬁl log ( + 5, log . (88)

The quantity (7>, P>, 87°, %) defines the continuous thermodynamic equilibrium of the DLMN system. Of
course, we define the discrete thermodynamic equilibrium (7°°, P>, §7°, 9°>) with (87) and (88) by replacing |,
with -, . in (85) and (86).

4.4. First test case: dilation of one bubble on a 50 x 50 mesh

The initial temperature field is given by

+
— 10 x [l—exp< 25 ‘fzy’f>

The quantity 10~ is added to impose T f’ ;> 0in Q. We define the initial circular bubble Q) with

+107*,

100 isovaleurs

Fig. 5. Initial mass fraction Y?_/ (first test case).
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yo 1 if 32, 432, < (1/4)%,
" 0 if not.

Figs. 5 and 6 show the mass fractions ¥? ;and Y7, when " = 300 (which corresponds to n = 4200). Fig. 7 shows
the pressure P(1")/ P>, the entropy ¥ (¢")/ | > | and the surface S, (") /S of the bubble Q,(7") where the three
constants P*°, > and S7° are given by the discrete thermodynamic equilibrium (87) and (88). Fig. 8 repre-
sents P(¢")/P> and & (") /|">| when we do not use the entropic correction introduced in Section 3.3 i.e. when

Zr(Y,T):=2r(Y,T) in (38)(b). Fig. 9 shows the mass fraction Y7, at /" = 300 when the operator 7y(®,Y) is
defined with the standard first order upwind scheme. Fig. 10 compares the relative mass error

Fig. 6. Mass fraction Y}, when ¢* =300 (first test case).

1-6 T T T
14 ,-\ i
\\
12\ entropy |
\_\\ /
\‘“H
|
08 f \Q |
/
ressur
o8 IR |
/
04 ;’f \ surface of the bubble 7
02V _
o 1 1 L L 1
0 50 100 160 200 250 300

Fig. 7. P(t)/P*>, ¥ (¢)/|9™| and S,(¢)/ST° (first test case).
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14 .

pressure
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Fig. 8. P(¢)/P™ and ¥ (¢)/|9>| without entropic correction (first test case).

Do oY) : Do Pl eE)
eu, (") = W of the bubble Q;(#") and the relative energy error ez (") = W of the system
iy il il
when the operat,or Ty(®,7) is defined with the non-diffusive scheme proposed in Section/ 3.4 or with the stan-
dard first order upwind scheme.

These numerical results show that the proposed 2D algorithm is accurate, stable and converges toward a
good thermodynamic equilibrium when  — +oo. They also underline that the entropic correction is necessary
to obtain the stability and the convergence of the algorithm when " — +oo (compare Figs. 7 and 8). More-
over, they show that the relative mass and energy errors oscillate around a tiny constant during the transient
regime: this property is directly connected to the non-diffusive property of the 2D interface capturing algo-
rithm proposed in Section 3.4. For example, we see on Fig. 10 that these errors are not controlled during
the transient regime when 7y (®,Y) is defined with a standard upwind scheme. We can also deduce from
Fig. 6 that the thickness of the artificial mixture area is of the order of three cells: cf. also Section 4.6 for a
more accurate estimation of this thickness.

4.5. Second test case: dilation of six bubbles on a 100 x 100 mesh

The topological changes obtained with the first test case are not important in the sense that the bubble
remains circular and centered in Q (compare Figs. 5 and 6). Of course, this is due to the symmetry of the flow
and to the fact that the surface of the bubble is not disturbed by another bubble or by the boundary 0Q. To
study more important topological changes, we now define the initial temperature field with

125 125
79, =10 x {1 —0.5exp [_T ((x;; — 0.5) +y,%j)} —0.75exp [—T((x,,j +0.5)° +y,{,)}

125 125
—0.5exp {— T (xij + i, — 0.48)2)} —0.8exp [— v (i) — ().3)2 + (i, + 0.42)2)]
125

—exp [— e (x;; +y,{,.)} —exp [— 142‘—5 (v +0.48)* + (v, — 0.53)2)] } +2x1072 (89)

and the initial mass fraction with
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Fig. 9: Mass fraction Y}; when ¢’ = 300.
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Fig. 10: Mass error of the bubble and energy error.

Fig. 9 and 10. Jy(®,Y) is defined with a first order upwind scheme (first test case).

1 if7° <75
=4 s (90)
i 0 if not.

As for the first test case, the quantity 2 x 102 is added to impose T' ? ;> 01n Q. Let us underline that this test

case is hard: indeed, the initial temperature is close to zero at the center of two of the six bubbles and the initial

temperature differences are large. This is also the case for the previous test case. Figs. 11 and 12 show the mass

fractions Y, 9 and Y", ; when 7" =100 (which corresponds to n = 6300). Figs. 13 and 14 show the temperature

and the densr[y at y 0 when #"=12.5 and " =100. Fig. 15 shows the pressure P(")/P>, the entropy
F(")/]19>°| and the surface S;(¢*)/S7°. Fig. 16 shows the relative mass and energy errors.
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Fig. 11. initial mass fraction Y7, (second test case).
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Fig. 12. mass fraction Y}, when ¢" =100 (second test case).
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Fig. 13. T}, for y;; =0, " =12.5 (dashed line) and " = 100 (second test case).
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Fig. 14. p}, for y;;=0, ¢ =12.5 (dashed line) and ¢ = 100 (second test case).
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Fig. 15. P(0)/P>, #(t)/ | > | and S (¢)/ST° (second test case).

0.02

015 |- energy etror ]

001t .

[WJ/\/\/—-*W —
0.005 1

0.005 mass emer .
2.01 L\\,\,\_/ - _,{_/—_,, R

Q.015 4
o 2 a0 sn % 100

Fig. 16. Mass of the six bubbles and energy errors.

The initial data (89) and (90) allow to define six bubbles which are initially circular and close to each other
(cf. Fig. 11). Since the initial temperature in each bubble is lower than the temperature outside the bubble, the
volume of each bubble increases (i.e. dilation). This induces quasi contacts between the bubbles (and between
one of the six bubbles and the boundary 0€): a consequence is that we obtain important deformations of the
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initial circular topology. For example, two of the six bubbles are pinched by two bigger bubbles during the
dilation making the surface of these two bubbles close to a “singular” surface: see Fig. 12. Fig. 13 shows that
the discontinuity of the temperature gradient VT (induced by the fact that 4, ## 1,) is taken into account by the
algorithm and that the temperature converges toward a constant. Fig. 14 shows that the discontinuity of the
density field is well taken into account by the mixture model (26)—(28) of the DLMN-.# system. The Fig. 15
confirms that the algorithm is stable and converges toward a good thermodynamic equilibrium when
" — + oo. As for the first test case (cf. Fig. 8), we verify that there is no convergence when the entropic cor-
rection is not applied. Fig. 16 shows that the relative mass and energy errors oscillates, as for the first test case
(cf. Fig. 10), around a tiny constant during the transient regime.

4.6. Convergence and estimation of the thickness of the artificial mixture area

We now study numerically the convergence of the 2D algorithm and the non-diffusive property of the 2D
interface capturing algorithm.

e Convergence: Fig. 17 represents in logscales for three different meshes the absolute values of the mass and
energy errors in function of Ax (Ay = Ax) at the time ¢’ = 50 in the case of the second test case. The three
meshes are the following: 50 x 50 (Ax = Ax;), 100 x 100 (Ax = Ax;/2) and 200 x 200 (Ax = Ax,/4). This fig-
ure shows that the algorithm is convergent and is a first order algorithm. Despite this first order, we now
show that the interface capturing algorithm is precise through its non-diffusive property. Let us underline
that we have already shown in Section 4.1 that the interface capturing algorithm is precise and can preserve
the fine structure of the interface X(¢) in the case of the system (81) (see Figs. 1-4).

e Non-diffusive property: Let us define the quantity

B 1 Sa =22, (01yr + G0y JAx Ay
2\/mmin(Ax, Ay) >, Y1 Ax Ay

ij

7

Vo

(o1)

(4 1s the Kronecker symbol). The quantity v’ x min(Ax,Ay) is an estimation of the thickness of the arti-
ficial mixture area. The estimation (91) supposes that Q;(¢") is always close to a circle for sake of simplicity,
which is only true for the first test case (cf. Fig. 6). Fig. 18 represents v" for the first test case when

0.1 T

0.01 |

0.001 L

Fig. 17. Convergence of the scheme when Ax — 0 (second test case).
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Fig. 18. Estimation of the thickness v" of the artificial mixture area (first test case) (second test case).

" € [0,20]. It confirms that the order of the thickness of the mixture area is almost constant and lower than
three cells during the transient regime. This figure shows also that this central property of our algorithm is
not achieved when J7(@®,Y) is defined with a standard first order upwind scheme. The increasing of v" is
due to the numerical diffusion and the decreasing of v" is due to a bad interaction of the artificial mixture
area with the boundary 0Q during the transient regime, interaction which artificially compresses the circular
geometry of the bubble (see also Fig. 9).

10 T T T T

0.01 | b

0.001 .

1e-04 ' ' ' '
0 20 40 60 80 100

Fig. 19. Az,(¢"), At7(¢") (dashed line) and Az,.(¢") (dotted lines) (second test case).
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4.7. Study of the time step At

Let us recall that the time step At is defined with (79) and (80). The time steps Az, and At define, respec-
tively, a time scale associated to the velocity field and a time scale associated to the heat conduction.

We represent in Fig. 19 for the second test case the quantities logigAz,(f"), log;oAt{(#") (dashed line) and
logioAt,(t") (dotted line) where A¢,. = maﬁ‘_w is a time scale associated to the acoustic waves celerity. Fig. 19
shows that the time step At of our algorith‘fn”is always equal to Afp and that Ary/At, converges exponentially
to zero when ' — +oo. This is a consequence of the potential approximation of the DLMN system which does
note take into account the dynamic part of the DLMN system by only focusing on the diphasic thermody-
namic character of the DLMN system. By taking into account the momentum equation with a high gravity
field for example, the time step At, could be much lower. This figure shows also that Ar,./At, is always close
to zero and that At,./At = 107! since Az = Ay. Thus, to diminish the CPU time i.e. to replace the constraint
(79) by the constraint Az = CFL x Az, future works should study the implicitation of the temperature equa-
tion (38)(b). The linear implicit schemes

2(Y", T",P") Dr(Y", T,
n+l __ 7n n n+0 n ) ) n+0, ij
T =T 4+ At | =Tp(9", T ])i’j“v‘[)}i‘j(TTi.j ’ +T

with 0, € {0,1} — the entropic correction (69)(a) (or (b)) in Dy being explicit — should be studied.
5. Conclusion

We have proposed a bidimensional (2D) algorithm for the simulation of the potential diphasic low Mach
number (DLMN) system. Following the approach proposed in [20,31] for the numerical discretization of the
diphasic compressible Euler system, we have built our algorithm by following a two-steps approach: in the
first step, we have extended the DLMN system to the case of a mixture by defining the DLMN-.Z system
through ad hoc closure laws modelling a mixture; in the second step, we have proposed an interface captur-
ing algorithm based on the transport of an Heaviside function using the Després—Lagoutiere’s non-diffusive
scheme [18,19,31]. The potential approximation of the DLMN system — which was deduced from an oper-
ators splitting — has been introduced to focus on the numerical difficulties coming from the diphasic thermo-
dynamic character rather than from the diphasic thermodynamic + dynamic character of the DLMN system.
This study has shown that when the initial temperature differences are large, it appears numerical instabilities
which prevent the scheme to converge to a good thermodynamic equilibrium when the time goes to infinity.
We have shown that these instabilities are due to the non-entropic character of the scheme. Thus, we have
proposed an entropic correction to make entropic our algorithm. This entropic correction was inspired from
numerical algorithms proposed in the field of kinetic equations [6,12]. It is important to note that, without
this entropic correction, these numerical instabilities would also be present in the case of the no-potential
DLMN system.

The 2D numerical results show that our 2D algorithm is stable and accurate. 1t is stable in the sense that it
converges without any instabilities toward a discrete equilibrium when the time goes to infinity despite the
fact that the equations of state and the thermal conductivities are not continuous functions and despite the
large initial temperature differences. It is accurate in the sense that the thickness of the artificial mixture area
is almost constant and lower than three cells during the transient regime and in the sense that the discrete
equilibrium is closed to the theoretical discrete thermodynamic equilibrium. Let us underline that we do not
use any numerical tuning to stabilize or to make more accurate our algorithm and that the 3D extension is
natural.
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